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Enabling Adaptive Sampling for Intra-Window Join:
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Sampling is one of the most widely employed approximations in big data processing. Among various challenges
in sampling design, sampling for join is particularly intriguing yet complex. This perplexing problem starts
with a classical case where the join of two Bernoulli samples shrinks its output size quadratically and exhibits
a strong dependency on the input data, presenting a unique challenge that necessitates adaptive sampling to
guarantee both the quantity and quality of the sampled data. The community has made strides in achieving
this goal by constructing offline samples and integrating support from indexes or key frequencies. However,
when dealing with stream data, due to the need for real-time processing and high-quality analysis, methods
developed for processing static data become unavailable. Consequently, a fundamental question arises: Is it
possible to achieve adaptive sampling in stream data without relying on offline techniques?

To address this problem, we propose FreeSam, which couples hybrid sampling with intra-window join, a key
stream join operator. Our focus lies on two widely used metrics: output size, ensuring quantity, and variance,
ensuring quality. FreeSam enables adaptability in both the desired quantity and quality of data sampling by
offering control on the two-dimensional space spanned by these metrics. Meanwhile, adjustable trade-offs
between quality and performance make FreeSam practical for use. Our experiments show that, for every
1% increase in latency limitation, FreeSam can yield a 3.83% increase in the output size while maintaining
the level of the estimator’s variance. Additionally, we give FreeSam a multi-core implementation and ensure
predictability of its latency through both an analytic model and a neural network model. The accuracy of
these models is 88.05% and 96.75% respectively.

CCS Concepts: • Information systems→ Streammanagement; Join algorithms; • Theory of computation
→ Sketching and sampling.
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1 Introduction
Sampling has become increasingly important in approximate processing of big data [23, 37, 60, 64,
65, 77, 80, 87, 95, 97, 104, 109, 129, 130, 136–139]. Within various sampling problems, sampling for
join stands out for its unique influnce on the combinatorial procedure of join [18, 44, 59, 112, 122].

Sampling for join techniques often strive to achieve two distinct objectives: 1) quantity, measured
by output size [28, 29, 120], and 2) quality, typically represented by variance [96, 135]. Maximizing
output size means producing the largest size of join output using the minimal sample of input
relations, thereby enabling efficient delivery of adequate entries for exploratory cases such as
pattern mining, visualization, etc [13, 58, 73, 100, 134]. Variance generally denotes the volatility of
the estimator of the original join output size (cardinality). It is a popular indicator of accuracy and
stability [6, 92] and can easily be turned to measure the accuracy of other statistical estimators as
well [24, 59]. Notably, modern applications necessitate the adaption of both metrics. For example,
representative reporting [30, 32] requests a specific volume of high-quality data samples. To fulfill
such demand, the community has introduced techniques such as index-assisted sampling [40, 75,
76, 79], frequency-based sampling [18, 36], and cyclic join handling [19].

Despite these efforts, adaptive sampling for join in the stream scenario received less attention.
Without high-speed indexes and prepared presamples, maintaining the low-latency and progressive
execution of sampling for join becomes particularly challenging. Meanwhile, the unpredictable
distribution of stream data poses obstacles in controlling sampling quality. We target the most
fundamental pattern of stream join, binary join, and design sampling in the environment of intra-
window join (IaWJ), a prevalent stream join operator that processes an entire window regardless
of the window’s type [2, 9, 35, 52, 78, 140].
One representative use case is found in the intense IoT streams within traffic management,

which demands dual objectives of high-quality approximate estimation and pattern discovery from
high-quantity raw data, all within a second-level latency budget [8, 84]. For example, estimating
traffic states on urban signalized links involves integrating massive streams from in-vehicle and
street detector to provide second-by-second updates of approximation on vehicle accumulation
and queue tail location [106]. The variance of the estimation error is directly applied to measure
the accuracy of queue tail location estimation. Meanwhile, there is a strong interest in increasing
the output size of the raw data from connected vehicles, which facilitates pattern detection of links
between locations and vehicles. Therefore, adaptively satisfying these two quality and quantity
metrics in this scenario is of practical significance. Despite these benefits, current adaptive sampling
for join is not inherently stream-oriented, as its latency could be 13.77× longer on stream compared
to on-the-fly methods (detailed in Section 3).

Developing adaptive sampling for stream join faces three major challenges. First, the absence of
offline support limits the range of sampling options. For instance, sampling implemented through
attribute-to-attribute jumps relies heavily on high-speed indexes [30, 40, 75, 76, 79, 107, 126], which
are missing in stream processing. Meanwhile, existing methods typically prioritize a single metric,
resulting in compromised control over the other metric. Second, lacking pre-knowledge of stream
data hampers the ability of sampling to adjust join results with data features [115, 145]. Prior to
the influx of data, the server has no knowledge about its distribution, making it impractical to
render adaption by mixing presampled data [94, 105, 118]. In other words, adaptive sampling for
stream join calls for an on-the-fly design. Third, the application of sampling for join requires timely
prediction. While previous works, such as Quickr [68], have introduced sampling into the query
plan, there is still no cost model of the sampling-aware stream join. A usable operator needs to be
modeled appropriately to inform the system or user about its cost.

Proc. ACM Manag. Data, Vol. 2, No. 4 (SIGMOD), Article 198. Publication date: September 2024.



Enabling Adaptive Sampling for Intra-Window Join: Simultaneously OptimizingQuantity andQuality 198:3

We propose FreeSam, an adaptive sampling solution for IaWJ, to address the above challenges.
First, FreeSam strikes a balance between efficient stream join algorithms and sampling flexibility. It
pioneers the possibility of incorporating different sampling techniques into the building and probing
phases of symmetric hash join, and combines it with hybrid sampling, redefining the problem of
sampling for stream join. Second, without assuming that the data holds a certain distribution or
that the future arrival order of the stream is known, FreeSam provides a general solution to adapt
sampling for IaWJ in the two-dimensional space spanned by quantity and quality. We accomplish
the adaption by proposing a new concept, probe utilization, which leverages the “discarded” data. By
adjusting the probe utilization, FreeSam can vary the number of output tuples without deteriorating
the variance of the estimator, thereby supporting the adaption of quantity and quality. Third,
to enhance the predictability of the procedure’s time consumption, we develop an analytical cost
model and a tiny neural network for latency prediction. An analytical model is more explainable
but also tends to ignore stream features such as the arrival rate of data, the duplication of keys, or
hardware characteristics like the number of cores and memory bandwidth. Therefore, we build
a tiny neural network based on this cost model, which can adapt to different circumstances and
achieve better accuracy.
We validate the efficacy of FreeSam on three real-world datasets. Experiments show that by

varying probe utilization, FreeSam can trade off 3.83% of the output size for every 1% increase
in latency and maintain the level of the estimator’s variance simultaneously, which achieves the
adaption among the two prime metrics. For example, on the dataset Rovio, when fixing a 10−3

level variance of the relative estimation error, FreeSam’s output size can vary from 9.49 × 105 to
1.35 × 107. This capability enables FreeSam to cater to applications that necessitate the adaption
to both quantity and quality. Meanwhile, with the analytical cost model, the average accuracy of
latency inference reaches 88.05%, and the tiny neural network improves it to 96.75%. Furthermore,
FreeSam is scalable on multi-core and validated through comprehensive studies.

To sum up, we make the following contributions in this paper.
• We propose an adaptive sampling solution for IaWJ, called FreeSam. By symmetrically in-
corporating sampling into hash join phases, it simultaneously achieves flexible sampling and
efficient progressive execution.
• We introduce a new concept, probe utilization, to manage the adaption of quantity and quality
metrics. We prove its properties formally.
• We develop an analytical cost model and a tiny neural network to infer time consumption. It
reveals where sampling takes effect and how to make the inference adapt to diverse system
and hardware settings.
• We conduct a comprehensive evaluation to measure the performance of FreeSam and corrobo-
rate its sampling quality.

2 Background and Related Work
2.1 Sampling for Join
Sampling for join has attracted continuous attention in databases. Unlike sketch approaches [16, 26,
46, 85, 101, 103, 119, 125], histogram strategies [42, 49, 86, 142], and wavelet methods [25, 48, 133],
the complexity of it lies in resolving the different data distribution between the input data and the
output of join [30, 43, 63, 81].
Challenges. To exhibit the challenges in sampling for join, we analyze two basic sampling

methods. Bernoulli sampling, also known as uniform sampling or random sampling [1], samples each
tuple in the data independently with the same probability. However, although the independence of
each sampled tuple is assured, it cannot guarantee the independent distribution of the join output.
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More precisely, when sampling tuples with a 𝑞 probability, it pronely generates only 𝑞2 of the
original outputs [17, 24]. Universe sampling [122] samples all tuples whose keys satisfy the universal
hash value condition. This introduces higher dependence between tuples when performing joins,
which achieves a uniform distribution of the original join result in an ideal situation. However, as
pointed out in the study [59], it pronely leads to a larger variance of the estimator as well.

Current solutions. To tackle the challenges, researchers have introduced more data information
into the sampling scheme ormixed basic samplingmethods [5, 10, 15, 21, 55, 62, 71, 74, 90, 91, 93, 122].
One approach is to utilize indexes to support stratifying, like bifocal sampling [40]. A notable
work using indexes is wander join [75, 76], which recognizes index assistance as the multipartite
graph information. Another approach of information injection directly applies the key frequency,
like end-biased sampling [36]. As to hybrid samplings, works like Bi-Level [53] and SUBS [59]
design a multi-layer sampling procedure, and use different sampling methods to filter data in each
layer. Also, some approaches incorporate weight into sampling [33, 34, 108, 113]. Some works
use multiple techniques, like Two-Level [18]. However, despite these efforts, most of them do not
effectively enhance sampling for stream join due to the unpredictability of streams.

2.2 Sampling for Join in Stream
The invocation of low-latency and real-time processing in massive streaming data leads to the use
of approximation to alleviate the workload [51, 66, 99, 127]. Among the various big data synopses,
sampling is particularly useful with its flexibility and insensitivity to data [144, 145].
Current status. Sampling for join in stream scenarios has received limited attention. In static

databases, sampling methods can be distinguished as online or offline based on when the sample
is generated: either during or before the query [18, 68]. Offline methods are not suitable for the
streaming situation, because the system has no preparation until the data arrives. Meanwhile, not
all online methods are applicable, because there are no overall statistics such as the frequency
of each key or the index built before. This explains why most of the methods in Section 2.1 are
not pertinent, and why samplers in the latest version of modern stream processing systems, like
Flink [39, 89, 124] and Spark [110], still use basic approaches like Bernoulli sampling [1] and
reservoir sampling [7, 38, 123]. Therefore, in stream scenarios, traditional solutions hold segregated
sampler and joiner, and defer the join until the sampling ends [115, 120].
Despite recent progress in hybrid sampling methods, these approaches predominantly depend

on static data conditions, and few are aptly designed for streaming environments. For instance,
SamComb [94] necessitates a presampled data pool for output formulation, and Two-Level [18]
requires a preliminary scan to determine key-oriented parameters. To our knowledge, the only
hybrid approach that is suited for streaming scenarios is UBS [59], which sets only a single parameter
during its prescan phase. Therefore, we preset its parameter and adapt it to streaming scenarios as a
benchmark in Section 7. Our research aims to establish an inherent connection between the sampler
and the joiner. Moreover, to obtain predictable performance and enable query optimization [4, 67,
111], it is desirable to build cost models for samplings in stream processing [20, 141, 143].

3 Motivation
In this section, we explore the reasons why previous static methods fall short in streaming contexts
and emphasize the lack of adaptability across different metrics.

Why are previous static methods not applicable? Our initial experiments show that, without
specific consideration of stream scenarios, static methods can cause 13.77× larger latency on
average. We introduce two state-of-the-art static methods as a comparative benchmark: Two-
level [18] and SJoin [145]. Remarkably, even a preliminary on-the-fly integration of Bernoulli
sampling, referred to as On-the-Fly Bernoulli in Figure 1, outperforms these methods in terms
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of latency. The comparison is conducted on the DEBS dataset, as described in Section 7.1, with
varying window lengths.

Observation. Figure 1 shows the elapsed time for the abovementioned methods across varying
window lengths. The window here pertains to the time interval required for the input stream to
arrive, constituting the initial portion of the elapsed time, which is referred to as the time within the
window. It indicates two unique concerns that differentiate sampling for join in streams from static
databases. First, progressive processing aims to minimize the need for preprocessing and waiting.
For example, although Two-level establishs good sampling parameters for each key through an
overall pre-scan, its latency remains constant and does not improve as window lengths increase.
Second, low-latency feedback necessitates a lightweight procedure. For example, when processing
DEBS with a 0.1 sampling rate and a window length of 0s (equivalent to a cold-start database),
SJoin takes 4.12s, whereas On-the-Fly Bernoulli takes only 0.21s, reducing the latency by 95%. The
reason is that SJoin focuses on constructing synopses using relatively heavy data structures, which
targets infrequent updates rather than real-time requirements. Consequently, stream processing
necessitates a novel and specialized sampling for join.

0 1000 2000 0 1000 2000 0 1000 2000

  Two-Level SJoin         On-the-Fly Bernoulli

0

2000

4000

El
ap

se
d 

Ti
m

e 
(m

s)

Window Length (ms)
Fig. 1. Comparison of static samplings and on-the-fly approach. Dotted lower segments in bars represent
the elapsed time within the windows, while dashed upper segments represent the latency formed by the
difference between the total elapsed time and the end of the windows.

Lack of adaptation between metrics. While adaptive sampling has been explored in various
ways, such as varying dataflow [35] and changing query filters [94], adapting sampling to metrics
remains difficult: For a given sampling scheme, the results obtained on metrics are monotonic
functions of the sampling rate, which establishes a one-to-one relationship across different metrics.

Table 1. Comparison of classic methods on different metrics with varying sampling rates on DEBS.
#sampling Output Size Variance

rate Bernoulli Universe Bernoulli Universe
0.001 495 1.47×105✓ 1.25×10−2✓ 3.05×10−1

0.01 4.84×104 2.84×106✓ 4.61×10−4✓ 1.03×10−1

0.1 4.90×106 2.66×107✓ 2.14×10−5✓ 1.21×10−2

Observation. In Table 1, we demonstrate the comparison between Bernoulli sampling and universe
sampling on two specific metrics using the DEBS dataset. The results on both metrics exhibit
monotonic behavior with respect to the sampling rate, and typically one method performs well on
one metric but poorly on the other. For instance, while universe sampling yields a larger output size
of 2.84×106, it has a relatively high variance of the estimator at 1.03×10−1. In terms of geometric
average, Bernoulli sampling achieves 6.87×10−3 smaller variance than universe sampling, but
universe sampling has a 45.56× larger output size. Although hybrid methods like UBS [59] can
achieve higher output sizes with the same level of variance as Bernoulli sampling, the one-to-one
correspondence between metrics remains unchanged. As this challenge has not yet been resolved,
our goal is to fundamentally enable the adjustment of interrelationships between metrics.

4 Problem Formulation
In this section, we show our problem settings in a conceptual way. We summarize the notations
used in this paper in Table 2.
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Table 2. Notations and descriptions used in this paper.

Notation Description

𝑥 = (𝑘, 𝑣, 𝑡𝑠) Tuple with three attributes
𝑅, 𝑆 Streams to join
𝑅[𝑘] Subset of 𝑅 with key 𝑘

𝑤 or𝑤 (𝑡1, 𝑡2) Window
𝑤𝑅 Stream 𝑅 on window𝑤

𝑤𝑅(𝑡1, 𝑡2) or𝑤𝑅(𝑡2) 𝑅 on timestamp determined window𝑤

|𝑤 | Window length (ms)
𝐽 Join size
𝜎 Sampling function
𝐼𝑑 Identity function

𝐼 [𝑆𝑡𝑎𝑡𝑒] 1 if 𝑆𝑡𝑎𝑡𝑒 is true; 0 otherwise
𝜖 Sampling rate
𝑞 Rate of Bernoulli sampling
𝑝 Rate of universe sampling
𝜆 Probe utilization
𝛾𝑖, 𝑗

∑
𝑘 𝑅

𝑖 (𝑘) · 𝑆 𝑗 (𝑘)
Ψ Result of a sampling-aware 𝐼𝑎𝑊 𝐽

𝑋𝑟,𝑠 𝐼 [𝑟 matches 𝑠]
𝜉𝑟,𝑠 𝐼 [𝑟 arrives the system before 𝑠] or its probability
Ξ𝑟,𝑠 Constant (∑ 𝜉𝑟,𝑠 )
𝜇𝑟,𝑠 The average of 𝜉𝑟,𝑠 (

∑
𝜉𝑟,𝑠/𝐽 )

𝑓 (𝑥𝑟,𝑠 , 𝑥𝑠,𝑟 ) Functional abbreviation of coefficient
𝐶 Time cost

4.1 Revisiting Stream Join Model
Following the definitions in previous work [3, 82, 83, 88, 102, 116, 117, 140], we define a tuple 𝑥 as
an ordered set (𝑘, 𝑣, 𝑡𝑠), where 𝑘 , 𝑣 , and 𝑡𝑠 represent the key, payload, and timestamp, respectively.
An input stream, denoted by 𝑅 or 𝑆 , is a list of tuples chronologically arriving at the system, e.g.,
a query processor. The subset with a specific key 𝑘 of stream 𝑅 is denoted by 𝑅[𝑘]. Moreover, in
stream processing, we usually operate on a continuous bounded subset of the stream data (i.e., a
window), which is defined below.

Definition 1. For any two arbitrarily given timestamps 𝑡1 and 𝑡2 and a stream R, the window,
denoted by𝑤 (𝑡1, 𝑡2), is an interval [𝑡1, 𝑡2]. R on w is {(𝑘, 𝑣, 𝑡𝑠) | 𝑡1 ≤ 𝑡𝑠 ≤ 𝑡2}, denoted by𝑤𝑅(𝑡1, 𝑡2), and
can be abbreviated as𝑤𝑅(𝑡2) or𝑤𝑅 without causing ambiguity. We denote |𝑡1 − 𝑡2 |, i.e., the length of
the window, by |𝑤 |.

Stream join can be classified into two types depending on how we choose the window. The
first is inter-window join, also known as sliding window join [45, 69, 131]. It deals with windows
overlapping with others and puts its core challenge to enable an incremental update of new tuples.
The second is intra-window join, abbreviated as 𝐼𝑎𝑊 𝐽 , which focuses on performing join over an
entire window [35, 78], irrespective of the window type (i.e., sliding, tumbling, or session) [121]. In
this work, the query we study is natural join on two streams, 𝑅 and 𝑆 , within a specified time-based
window. Additionally, we explore its extension to aggregations. IaWJ is chosen as our test case,
and stream join in this paper refers to IaWJ.
Various multicore 𝐼𝑎𝑊 𝐽 algorithms have been proposed [12, 14, 22, 31, 35, 41, 56, 72, 78, 128].

Among these algorithms, symmetric hash join (SHJ) [128] has been the default (and often the only
available) join algorithm used in many state-of-the-art stream processing engines [98]. The gist of
it is to interleave building and probing phases in hash join to achieve low processing latency. In
view of the superb applicability of SHJ, we adopt it as the integration object of sampling design for
stream join.
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4.2 Sampling-Aware Intra-Window Join
We now formalize the sampling for IaWJ problem. We define the term “sampling-aware IaWJ” to
encompass the entire process, which begins with the entry of two input streams and concludes
with the generation of a single output stream.

For the basic concepts, we denote a sampling scheme on a stream 𝑅 by 𝜎 , and the result of
sampling by 𝜎(𝑅). The sampling rate, or the ratio of data stored, is denoted by 𝜖 . Given the stream
join settings in Section 4.1, we symmetrically define the sampling-aware IaWJ of two streams.
The definition considers two sampling schemes for each stream to address its property. The result
of sampling-aware IaWJ is generated by tuples in stream 𝑅 probing the stored part of 𝑆 (𝑅 ><| 𝑆),
and tuples in 𝑆 probing the stored part of 𝑅 (𝑆 ><|𝑅). We describe the sampling of stream 𝑅 by two
sampling schemes of 𝜎𝑅 and 𝜎 ′

𝑅
. 𝜎𝑅 governs the building phase, i.e., whether to store an incoming

tuple in 𝑅 for subsequent use, and 𝜎 ′
𝑅
controls whether to probe the samples stored in the opposite

stream 𝑆 . Notably, 𝜎𝑅 and 𝜎 ′
𝑅
can be different. For 𝑆 , this description is similar, which is described

by 𝜎𝑆 and 𝜎 ′
𝑆
. The following definition elucidates the sampling-aware IaWJ considered in this

paper.

Definition 2. Given a window w, input streams 𝑅 and 𝑆 , and sampling schemes of 𝜎𝑅, 𝜎𝑆 , 𝜎 ′𝑅, 𝜎
′
𝑆
,

the formalized definition of the sampling-aware IaWJ is as follows, and is abbreviated as Ψ.( ⋃
𝑖∈𝑤𝑆

𝜎𝑅 (𝑤𝑅 (𝑖 .𝑡𝑠)) |><|𝜎′𝑆 ({𝑖})
)
∪

( ⋃
𝑗∈𝑤𝑅

𝜎𝑆 (𝑤𝑆 ( 𝑗 .𝑡𝑠)) |><|𝜎′𝑅 ({ 𝑗})
)
.

Example. In Figure 2, we show a conceptual procedure of sampling-aware IaWJ using the
example of the weather stream in Section 7. Assume that the ticked tuples in Figure 2 (a) are the
result of future samplings 𝜎𝑅 and 𝜎𝑆 . They are stored in memory via the building phase when
arriving over time. Setting 𝜎 ′

𝑅
= 𝜎 ′

𝑆
= 𝐼𝑑 (i.e., 𝜎 ′

𝑅
and 𝜎 ′

𝑆
return whatever they obtain), every

tuple probes the opposite stream’s sample to produce matches. Notably, this matching process
occurs only when a tuple probes the opposing tuple that has arrived earlier and thus has a smaller
timestamp (𝑡𝑠). The execution procedure is shown in Figure 2 (b). The shadowed tuples are stored
during the building phase according to Figure 2 (a). Lines with arrows mark the join matches
generated by probing, such as 𝑟1 and 𝑠1. Snapshots of matches generated over time are shown
in Figure 2 (c). At 𝑡𝑠 = 2, only 𝑟1 and 𝑠1 arrive, and the procedure outputs a match (𝑟1, 𝑠1) totally
formed by tuples stored in the memory. At 𝑡𝑠 = 3, 𝑟2 comes, and the procedure outputs a match (𝑟2,
𝑠1) albeit 𝑟2 is not sampled by 𝜎𝑅 (not stored in memory).

ଵ ଶ ଷ

ଵ ଶ ଷ

tshum(%)region
130a
333a
560c
………

tstemp(℃)region
220a
433c
621a
………

ோ ௌ= ଶ
ଷ

Bernoulli Sampling
ோ ௌ

at 

at 6

time

at 2

tstemp(℃)hum(%)region
22030a

…

…

ଵ

ଶ

ଷ

ଵ

ଶ

ଷ

(a) Stream description

(b) Conceptional procedure (c) Result snapshot

tstemp(℃)hum(%)region
22030a
32033a

tstemp(℃)hum(%)region
22030a
32033a
53360c
62130a

Fig. 2. Example of sampling-aware IaWJ. The column “region” represents the key, “hum” and “temp” represent
values of humidity and temperature, respectively, and “ts” represents the timestamp that is assumed to be
congruous with the order in which tuples arrive at the system in this example.
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4.3 Metrics
We now describe the metrics used to measure the quantity and quality of the result, as well as
processing performance, which collectively constitute our goal of optimization.
Quantity and quality. We use the most commonly used metrics: output size [28, 59, 120] and

variance [18, 96, 135]. Output size refers to the total number of join outputs produced during the
procedure. It highlights the delivery of raw data, proved to be especially pertinent in exploratory
scenarios where users may possess limited knowledge of incoming data and hope to capture as
much information as possible for subsequent utilization. Variance represents the variability of the
estimator of the original join output size (cardinality). It emphasizes statistical accuracy and stability,
and determines the size of the confidence interval [6]. Additionally, variance can be adapted to
measure the accuracy of aggregations like COUNT, SUM, and AVG [24]. Our approach integrates both
metrics, accommodating a broad range of queries and presenting a comprehensive and versatile
strategy for sampling in joins.
Performance. The latency of a join match denotes the duration from the arrival of its last

input (𝑅 or 𝑆) to the generation of its join result. Following the previous work [70, 140], we use
the quantile worst-case latency (e.g., 95th) as criterion. An acceptable latency is usually the first
concern of a streaming procedure.

5 FreeSam
5.1 FreeSam Design
Instantiation. Definition 2 indicates the symmetry of build and probe that lies in sampling-aware
IaWJ. Using symmetry, we can construct the flow that incorporates two sampling schemes per
stream. Furthermore, to prevent wastage of memory usage, it is crucial to ensure that any tuple
stored in memory generates join matches; hence, the sampling result of 𝜎 ′ needs to be a superset of
the sampling result of 𝜎 to prevent tuples occupying memory for doing nothing. Thus, 𝜎 ′ essentially
operates on the data discarded by 𝜎 . A illustration of the role that sampling plays is shown in
Figure 3. Every tuple 𝑟 in stream 𝑅 first attempts to pass through 𝜎𝑅 . If it passes 𝜎𝑅 , both building
and probing phases process it. If it does not pass 𝜎𝑅 , 𝜎 ′𝑅 gives it an additional chance to be sampled,
and applies only the probing phase when 𝜎 ′

𝑅
samples it. Similarly, stream 𝑆 follows a symmetrical

procedure of it.

  𝑠௝ାଵ …

Hash Table of S

𝜎ோ
  𝑟௜  𝑟௜ାଵ…

Hash Table of R

Build

Probe

𝜎′ோ

  𝑟௜

Build

𝜎′ௌ
 𝑠௝

Build

𝜎ௌ

  𝑠௝

Build

Fig. 3. Conceptual coupling of sampling and IaWJ. Dashed lines mean that whether the procedure executes
depends on the sampling. The different formats of arrows refer to passing sampling results of different
sampling schemes.

Which samplingmethods to apply and combine?As discussed in Section 2, hybrid sampling
has emerged as a highly promising concept in the realm of database systems. Among various hybrid
approaches, the combination of Bernoulli sampling and universe sampling has gained significant
traction [18, 53, 59]. The strength of universe sampling lies in its ability to produce output sizes that
are generally desirable, while it tends to exhibit higher estimator variance [122]. Conversely, the
Bernoulli method often exhibits an opposite behavior [17, 24, 68]. By combining these two methods
in a hybrid approach, it becomes possible to mitigate the limitations of each individual sampling
technique. Fortunately, these two samplings are still available within the inherent limitations of
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the streaming scenario due to their efficient and lightweight properties. In contrast to previous
studies that focused on communication complexity [59] or key frequency [18] in databases, we
highlight the incorporation of the hybrid approach with the stream join procedure, presenting the
first solution for adaptive sampling for IaWJ. Based on the sampling functions defined in Section 4.2,
we consider a two-step algorithm design: one for 𝜎 and the other for 𝜎 ′.

1) Sampling-aware building phase. The sampling strategy attached to build phase controls which
tuples are retained in memory. As a specialization of sampling for join, rather than indiscriminately
treating each tuple uniformly, we aim to selectively filter the keys required for building. Therefore,
we employ the two-layer 𝜎 to respectively control the selection of keys and tuples.

The first layer of 𝜎 is universe sampling, responsible for selecting keys to produce a significant
fraction of the original join matches. With the parameter 𝑝 ∈ [0, 1] and a given perfect hash
ℎ : 𝐾 ↦→ [0, 1], it samples the tuples whose keys 𝑘 satisfy ℎ(𝑘) ≤ 𝑝 . The second layer, Bernoulli
sampling, achieves uniformity of tuple-wise selection. With parameter 𝑞 ∈ [0, 1], it samples
every tuple that has passed the first layer with the same probability 𝑞. In practice, we apply a
more efficient implementation of it. The method uses the number of skipped tuples between the
two sampled tuples. By generating a pseudo-random number 𝑢 uniformly distributed over [0, 1],
based on the inverse transform method [114], the random variable ⌊log𝑢/log (1 − 𝑞)⌋ follows a
geometric distribution that corresponds to the gap of the inclusions [51]. Denoting the universe
and Bernoulli layers as 𝑈 and 𝐵 respectively, the probability of a tuple 𝑟 in 𝑅 to be sampled is
𝑃𝑟 [𝑟 ∈ 𝜎𝑅(𝑅)] = 𝑃𝑟 [𝑟 ∈ 𝑈 (𝑅)] · 𝑃𝑟 [𝑟 ∈ 𝐵(𝑅)|𝑟 ∈ 𝑈 (𝑅)] = 𝑝𝑞.
2) Sampling-aware probing phase. For 𝜎 ′, the crux of 𝜎 ′ designing is to specify those “useful”

tuples for probing. To avoid wastage, the first principle is to make it contain 𝜎 . Therefore, its first
two layers have the same design as 𝜎 . Another task is to utilize the tuples not sampled by 𝜎 . For
those keys not sampled in 𝜎’s result, it is impossible for them to generate matches with stored
tuples, so 𝜎 ′ should not consider them. Then, to measure the ratio of useful tuples 𝜎 ′ uses, we bring
up probe utilization.

Definition 3. For a given stream 𝑅 with sampling schemes 𝜎 and 𝜎 ′ for building and probing
respectively, the probe utilization is given by the ratio of tuples in 𝜎 ′(𝑅) that are not in 𝜎(𝑅), within
the subset of R identified by the key sampled in 𝜎 :

𝜆 =
∑
𝑘 𝐼 [ |𝜎(𝑅)[𝑘]|> 0 ] · |𝜎′(𝑅)[𝑘] − 𝜎(𝑅)[𝑘]|∑
𝑘 𝐼 [ |𝜎(𝑅)[𝑘]|> 0 ] · |𝑅[𝑘] − 𝜎(𝑅)[𝑘]| .

Guided by this, we add a third sampling layer. The tuples that pass the first universe layer but
not the second layer are transferred into an extra Bernoulli sampling. By varying the parameter of
the third layer, we can directly control 𝜆. Denoting the extra probing layer as 𝑃 , the probability
a tuple 𝑟 in 𝑅 to be sampled is 𝑃𝑟 [𝑟 ∈ 𝜎𝑅(𝑅)] = 𝑃𝑟 [𝑟 ∈ 𝑈 (𝑅)] · (𝑃𝑟 [𝑟 ∈ 𝐵(𝑅)|𝑟 ∈ 𝑈 (𝑅)] + 𝑃𝑟 [𝑟 ∈
𝑃 (𝑅), 𝑟 ̸∈ 𝐵(𝑅)|𝑟 ∈ 𝑈 (𝑅)]) = 𝑝(𝑞 + (1 − 𝑞)𝜆).
Considering both 𝜎 and 𝜎 ′. Combining 𝜎 and 𝜎 ′ requests unifying their related parameter,

𝑝 , for filtering the keys. Given the effective sampling rates of 𝑅 and 𝑆 , denoted as 𝜖𝑅 and 𝜖𝑆 , the
sampling rate for a stream 𝑅 (𝜖𝑅) is determined by the product of the universe sampling’s parameter
𝑝𝑅 and the Bernoulli sampling’s parameter 𝑞𝑅 , that is, 𝑝𝑅 · 𝑞𝑅 . When focusing on 𝑝 in the first
layer, if 𝑝𝑅 and 𝑝𝑆 are set different, the stream with the larger 𝑝 may sample the key that is never
sampled or joined by the other stream with a lower 𝑝 , resulting in a significant loss in performance.
Therefore, we set 𝑝𝑅 = 𝑝𝑆 = 𝑝 , and replace 𝑞𝑅 and 𝑞𝑆 with 𝜖𝑅/𝑝 and 𝜖𝑆/𝑝 respectively. This design
makes the key filtering of 𝜎 and 𝜎 ′ unified.
In this subsection, our primary focus is to provide insights into the design of FreeSam and

its workflow. The discussion on the procedure for parameter settings shall be covered later in
Section 5.6.
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Algorithm 1: FreeSam

Input:

Streams: 𝑅, 𝑆 ; Sampling rate: 𝜖𝑅, 𝜖𝑆 ;
Hash function for keys: ℎ : 𝐾 ↦→ [0, 1];
Parameter of the universe layer: 𝑝;
Probe utilization: 𝜆𝑅, 𝜆𝑆 .

1 𝐺𝑒𝑛𝐺𝑎𝑝 ← 𝜆𝑥[ ⌊log𝑅𝑎𝑛𝑑𝑜𝑚𝐹𝑙𝑜𝑎𝑡 (0, 1)/log (1 − 𝑥 )⌋ + 1]
2 ∆[0...1]← [𝐺𝑒𝑛𝐺𝑎𝑝(𝜖𝑅/𝑝), 𝐺𝑒𝑛𝐺𝑎𝑝(𝜖𝑆/𝑝)]
3 ∆′[0...1]← [𝐺𝑒𝑛𝐺𝑎𝑝(𝜆𝑅), 𝐺𝑒𝑛𝐺𝑎𝑝(𝜆𝑆 )]
4 while streams not end do
5 𝑡𝑢𝑝𝑙𝑒 ← 𝑁𝑒𝑥𝑡𝑇𝑢𝑝𝑙𝑒(𝑅, 𝑆)
6 𝑖𝑑𝑥 ← 𝐼 [𝑡𝑢𝑝𝑙𝑒 in 𝑅]
7 if ℎ(𝑡𝑢𝑝𝑙𝑒.𝑘𝑒𝑦) ≤ 𝑝 then
8 ∆[𝑖𝑑𝑥]← ∆[𝑖𝑑𝑥] − 1
9 ∆[𝑖𝑑𝑥]′ ← ∆′[𝑖𝑑𝑥] − 1

10 if ∆[𝑖𝑑𝑥] == 0 then
11 build 𝑡𝑢𝑝𝑙𝑒 into the storage of the belonging stream;
12 probe the opposite stream to generate join matches
13 ∆[𝑖𝑑𝑥]← 𝑖𝑑𝑥 ? 𝐺𝑒𝑛𝐺𝑎𝑝(𝜖𝑆/𝑝) : 𝐺𝑒𝑛𝐺𝑎𝑝(𝜖𝑅/𝑝)
14 ∆[𝑖𝑑𝑥]′ ← ∆′[𝑖𝑑𝑥] + 1
15 else if ∆′[𝑖𝑑𝑥] == 0 then
16 probe the opposite stream to generate join matches
17 ∆′[𝑖𝑑𝑥]← 𝑖𝑑𝑥 ? 𝐺𝑒𝑛𝐺𝑎𝑝(𝜆𝑆 ) : 𝐺𝑒𝑛𝐺𝑎𝑝(𝜆𝑅)

Algorithm. We show the algorithm of FreeSam in Algorithm 1. In Lines 1-3, the algorithm
initializes a lambda function𝐺𝑒𝑛𝐺𝑎𝑝 to generate a random gap value with the foregoing geometric
approach, and initializes two arrays ∆ and ∆′ to store the remaining gap values for each stream’s
sampling schemes 𝜎 and 𝜎 ′. In Lines 4-6, the algorithm fetches tuples continuously from streams 𝑅
and 𝑆 , and sets the index 𝑖𝑑𝑥 according to which stream the tuple comes from. In Lines 7-8, the
algorithm verifies whether the tuple successfully passes the universe sampling layer and should
be taken into account for the sampling in next layer. It then adjusts the gap values in ∆ and ∆′
accordingly. If ∆ reaches 0, the tuple is chosen by 𝜎 . Then, Lines 10-14 will build the tuple into the
storage of the belonging stream and probe the opposite stream to generate join matches. Otherwise,
if ∆′ reaches 0, the tuple is chosen by 𝜎 ′, and Lines 15-17 will process it. The algorithm probes the
other stream to generate join matches without building the tuple into the storage. The algorithm
continues processing tuples until both streams have been fully processed.

5.2 Two Extreme Cases
In this part, we provide a preliminary exploration of the adaptability of FreeSam to the quantity
and quality metrics mentioned in Section 4.3. We show this by analyzing two extreme cases of
applying FreeSam. In the first case, 𝜆 is set to 0, and the results will have the same form as the
separated calculation of sampling and join. This case verifies that the algorithm can still be valid
for non-streaming problems and provides a baseline. In the second case, we set 𝜆 to 1 and examine
its maximum possible impact in a random case. Through the comparison of the two cases, we can
preliminarily explore the impact and benefits of introducing 𝜆.
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Minimum probe utilization. To make the probe utilization minimum, we set 𝜆 to 0 and the
extra probe is canceled. Meanwhile, if for a stream 𝑅, (𝜎(𝑅) − 𝜎 ′(𝑅)) ̸= ∅, then there are tuples that
are stored but not utilized. Therefore, we set 𝜎 ′ = 𝐼𝑑 ◦ 𝜎 . This setting makes sampling and join
decoupled and converts the problem to join on samples.
In terms of the output size metric, the superiority of the algorithm depends on how many

join matches are produced in the expectation sense. We denote the original join output size by
𝐽 = ∑

𝑘 𝑅[𝑘] · 𝑆[𝑘].

Lemma 1. Given 𝜖𝑅, 𝜖𝑆 , and 𝑝 , which determine 𝜎𝑅 and 𝜎𝑆 , let 𝜎 ′𝑅 = 𝐼𝑑 ◦ 𝜎𝑅 and 𝜎 ′
𝑆

= 𝐼𝑑 ◦ 𝜎𝑆 ,
making 𝜆𝑅 = 𝜆𝑆 = 0. Then, the expectation of |Ψ| is given by:

𝐸[|Ψ|] =
𝜀𝑅𝜀𝑆

𝑝
𝐽 .

The detailed derivation is shown in Appendix A.1.
𝐸[|Ψ|] also provides the facility for building the estimator of original join output size by the

Horvitz-Thompson method [57]. Accordingly, the unbiased estimation is 𝐽 = 𝑝

𝜀𝑅𝜀𝑆
|Ψ|. As mentioned

in Section 4.3, the variance of the estimator is a significant indicator of its accuracy. Its variance is
given by Lemma 2.

Lemma 2. Given 𝜖𝑅, 𝜖𝑆 , and 𝑝 , which determine 𝜎𝑅 and 𝜎𝑆 , let 𝜎 ′𝑅 = 𝐼𝑑 ◦ 𝜎𝑅 and 𝜎 ′
𝑆

= 𝐼𝑑 ◦ 𝜎𝑆 ,
making 𝜆𝑅 = 𝜆𝑆 = 0. The variance of 𝐽 is as follows:

𝑉𝑎𝑟 [𝐽 ] =
1 − 𝑝
𝑝

𝛾2,2 +
𝑝 − 𝜖𝑆
𝑝𝜖𝑆

𝛾2,1 +
𝑝 − 𝜖𝑅
𝑝𝜖𝑅

𝛾1,2 +
(𝑝 − 𝜖𝑆 )(𝑝 − 𝜖𝑅 )

𝑝𝜖𝑆𝜖𝑅
𝛾1,1,

where 𝛾𝑖, 𝑗 = ∑
𝑘 𝑅

𝑖[𝑘] · 𝑆 𝑗 [𝑘].

The proof of the variance is shown in Appendix A.2.
Note that the solution for the estimator (𝐽 ) and its variance (𝑉𝑎𝑟 [𝐽 ]) has the same format as

in the study [59], which explored database join on the samples. This correspondence shows the
validity of FreeSam in non-stream conditions and prompts further investigation into sampling
awareness in streams.
Maximum probe utilization. The following case considers the maximum impact of utilizing

the sampling scheme in probing. With 𝜎 ′ set to 𝐼𝑑 , 𝜎 ′ samples arbitrary tuples, and makes 𝜆 = 1. In
this extreme case, to simplify the problem, we assume that the sequence in which tuples arrive is
random. Thus, for two tuples 𝑟 and 𝑠 , the probability of 𝑟 coming before 𝑠 is equal to the probability
of 𝑠 coming before 𝑟 , both being 1

2 . We will address the problem of arrival order in Section 5.3.

Lemma 3. Assuming the arrival order of tuples random, let 𝜖𝑅, 𝜖𝑆 , and 𝑝 determine 𝜎𝑅 and 𝜎𝑆 , and
set 𝜎 ′

𝑅
and 𝜎 ′

𝑆
by 𝐼𝑑 , making 𝜆𝑅 = 𝜆𝑆 = 1. Then, the expectation of |Ψ| is given by:

𝐸[|Ψ|] =
𝜀𝑅 + 𝜀𝑆

2
𝛾1,1 =

𝜀𝑅 + 𝜀𝑆
2

𝐽 .

The detailed derivation is shown in Appendix A.3. The unbiased estimation is 𝐽 = 2|Ψ|/(𝜀𝑅 + 𝜀𝑆 )
and its variance is given by Lemma 4.

Lemma 4. Assuming the arrival order of tuples random, let 𝜖𝑅, 𝜖𝑆 , and 𝑝 determine 𝜎𝑅 and 𝜎𝑆 , and
set 𝜎 ′

𝑅
and 𝜎 ′

𝑆
by 𝐼𝑑 , making 𝜆𝑅 = 𝜆𝑆 = 1. Then, the variance of 𝐽 is given by:

Var[𝐽 ] =
1 − 𝑝
𝑝

𝛾2,2 +
(𝜀𝑆 − 3𝜀𝑅 )(𝜀𝑆 + 𝜀𝑅 ) + 4𝑝𝜀𝑅

3𝑝(𝜀𝑅 + 𝜀𝑆 )2
𝛾2,1

+
(𝜀𝑅 − 3𝜀𝑆 )(𝜀𝑅 + 𝜀𝑆 ) + 4𝑝𝜀𝑆

3𝑝(𝜀𝑅 + 𝜀𝑆 )2
𝛾1,2 +

−𝜀𝑅 − 𝜀𝑆 − 2𝑝
3𝑝(𝜀𝑅 + 𝜀𝑆 )

𝛾1,1 .
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The proof of variance is shown in Appendix A.4.
Evolution of output size. We compare Lemma 1 with Lemma 3. The coefficient changes from

𝜖𝑅𝜖𝑆/𝑝 to (𝜖𝑅 + 𝜖𝑆 )/2. When recognizing 𝑝 as a fixed parameter, the utilization of 𝜆 changes the
relation of the two sampling rates from multiplication to addition. Since the variables do not exceed
1, this change enhances the expected output size, resulting in an order-of-magnitude increase. A
practical application of setting 𝜆 = 1 in the context of traffic monitoring mentioned in Section 1 is to
join data across streets to gather information about intersections. With maximal probe utilization,
for any sampled street, we obtain samples of all its intersections, regardless of whether the other
streets that form those intersections are sampled or not.

Stabilization of variance. When investigating Lemma 2 and Lemma 4, we find that they hold
the same format of 1−𝑝

𝑝
𝛾2,2 + 𝑜(𝛾2,2), which means that the variance remains stable and makes the

output size improvement obtained from 𝜆 almost costless.

5.3 General Cases
In this subsection, we focus on presenting an assumption-free solution, without presupposing any
specific data distribution of arrival order in the stream.

5.3.1 Impact on Output Size. When applying the sampling scheme in probing, the order in which
tuples arrive can impact the output. Using the traffic monitoring scenario described in Section 1 as
an example, if the latency of the street detector’s stream is less than that of the vehicle GPS streams,
then 𝜎 plays a more significant role and determines the street-wise detection. Conversely, if the
latency of the street detector’s stream exceeds that of the vehicle GPS streams, 𝜎 ′ primarily attaches
street information to vehicles and provides more about the mapping from location to vehicle.
Therefore, we introduce an indicator variable 𝜉𝑟,𝑠 to describe whether 𝑟 arrives at the system before
𝑠 , and thus 𝜉𝑠,𝑟 = 1 − 𝜉𝑟,𝑠 . Defining Ξ𝑟,𝑠 = ∑

𝑟,𝑠 𝐼 [𝑟 .𝑘 = 𝑠 .𝑘] · 𝜉𝑟,𝑠 , Ξ𝑠,𝑟 = ∑
𝑟,𝑠 𝐼 [𝑟 .𝑘 = 𝑠 .𝑘] · 𝜉𝑠,𝑟 , we

proceed as follows:

Theorem 1. Given 𝜖𝑅, 𝜖𝑆 , and 𝑝 , which determine 𝜎𝑅 and 𝜎𝑆 , let 𝜎 ′𝑅 and 𝜎 ′
𝑆
be set with arbitrary

𝜆𝑅 and 𝜆𝑆 . The expectation of |Ψ| is given by:

𝐸[|Ψ|] = Ξ𝑠,𝑟 (𝜖𝑆 −
𝜖𝑅𝜖𝑆

𝑝
)𝜆𝑅 + Ξ𝑟,𝑠 (𝜖𝑅 −

𝜖𝑅𝜖𝑆

𝑝
)𝜆𝑆 +

𝜖𝑅𝜖𝑆

𝑝
𝐽 .

With 𝜉𝑟,𝑠 , the expected contribution of 𝑟 and 𝑠 to 𝐸[|Ψ|] is given by 𝑝(𝜉𝑟,𝑠 ·𝑞𝑅(𝑞𝑆 +(1−𝑞𝑆 )𝜆𝑆 )+𝜉𝑠,𝑟 ·
𝑞𝑆 (𝑞𝑅 +(1−𝑞𝑅)𝜆𝑅)). For any given 𝑟 and 𝑠 , all coefficients in the aforementioned formula remain con-
sistent except for 𝜉𝑟,𝑠 and 𝜉𝑠,𝑟 . Given that Ξ𝑟,𝑠 = ∑

𝑟,𝑠 𝐼 [𝑟 .𝑘 = 𝑠 .𝑘] · 𝜉𝑟,𝑠 , Ξ𝑠,𝑟 = ∑
𝑟,𝑠 𝐼 [𝑟 .𝑘 = 𝑠 .𝑘] · 𝜉𝑠,𝑟 ,

and considering 𝐽 = ∑
𝑟,𝑠 𝐼 [𝑟 .𝑘 = 𝑠 .𝑘] with 𝜉𝑠,𝑟 = 1 − 𝜉𝑟,𝑠 , we have 𝐽 = Ξ𝑟,𝑠 + Ξ𝑠,𝑟 . Theorem 1 is

subsequently derived by rearranging the formula to incorporate Ξ𝑟,𝑠 and Ξ𝑠,𝑟 .
The last term in Theorem 1 implies that 𝜆𝑅 and 𝜆𝑆 are making positive contributions on the

base of Lemma 1. Setting 𝜆𝑅 = 𝜆𝑆 = 1 in Theorem 1, we get 𝐸[|Ψ|] = 𝜖𝑅Ξ𝑟,𝑠 + 𝜖𝑆Ξ𝑠,𝑟 . Comparing it
with Lemma 3, we find that the arrival order determines only the ratio of original join output size
assigned to the two sampling rates, and the random assumption just makes them both to 1

2 . Finally,
we can see that 𝜆𝑅 and 𝜆𝑆 linearly control Ξ𝑠,𝑟/𝐽 and Ξ𝑟,𝑠/𝐽 portion of the additional output size,
respectively.

5.3.2 Impact on Variance. Variance analysis in general cases requires a general estimator first.
In Theorem 1, Ξ𝑟,𝑠 + Ξ𝑠,𝑟 = 𝐽 implies that we need to take Ξ𝑟,𝑠 and Ξ𝑠,𝑟 into consideration when
constructing the estimator. Abbreviating Ξ𝑠,𝑟/𝐽 and Ξ𝑟,𝑠/𝐽 as 𝜇𝑅,𝑆 and 𝜇𝑆,𝑅 respectively, the estimator
can be given by:

𝐽 = |Ψ|/(𝜇𝑆,𝑅 (𝜖𝑆 −
𝜖𝑅𝜖𝑆

𝑝
)𝜆𝑅 + 𝜇𝑅,𝑆 (𝜖𝑅 −

𝜖𝑅𝜖𝑆

𝑝
)𝜆𝑆 +

𝜖𝑅𝜖𝑆

𝑝
). (1)
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Afterward, 𝑉𝑎𝑟 [𝐽 ] = (𝐽/|Ψ|)2𝑉𝑎𝑟 [|Ψ|]. The detailed format of the estimator’s variance is given in
Appendix A.5. Extracting its leading-order term, we have:

Theorem 2. Given 𝜖𝑅, 𝜖𝑆 , and 𝑝 , which determine 𝜎𝑅 and 𝜎𝑆 , let 𝜎 ′𝑅 and 𝜎 ′
𝑆
be set with arbitrary

𝜆𝑅 and 𝜆𝑆 . Without any assumption about the data, the leading-order term of the join size estimator’s
variance is given by:

1 − 𝑝
𝑝

∑︁
𝑟,𝑠,𝑟 ′,𝑠′

𝐼 [𝑟 .𝑘 = 𝑠.𝑘 = 𝑟 ′ .𝑘 = 𝑠′ .𝑘]
𝑓 (𝜉𝑠,𝑟 , 𝜉𝑟,𝑠 )
𝑓 (𝜇𝑆,𝑅, 𝜇𝑅,𝑆 )

𝑓 (𝜉𝑠′,𝑟 ′ , 𝜉𝑟 ′,𝑠′ )
𝑓 (𝜇𝑆,𝑅, 𝜇𝑅,𝑆 )

, (2)

where 𝑓 (𝑥1, 𝑥2) = 𝑥1𝑎1 + 𝑥2𝑎2 + 𝑎3, and 𝑎1 = (𝜖𝑆 − 𝜖𝑅𝜖𝑆
𝑝

)𝜆𝑅, 𝑎2 = (𝜖𝑅 − 𝜖𝑅𝜖𝑆
𝑝

)𝜆𝑆 , 𝑎3 = 𝜖𝑅𝜖𝑆
𝑝

.

Generally, we employ 𝑋𝑟,𝑠 as the indicator variable to signify whether the match of 𝑟 and 𝑠 is in
Ψ. Consequently, the corresponding term in 𝑉𝑎𝑟 [|Ψ|] is ∑

𝑟,𝑠,𝑟 ′,𝑠′ 𝐸[𝑋𝑟,𝑠𝑋𝑟 ′,𝑠′] − 𝐸[𝑋𝑟,𝑠]𝐸[𝑋𝑟 ′,𝑠′]. By
expanding this and integrating it back into 𝑉𝑎𝑟 [𝐽 ], we derive Theorem 2.

Considering the worst case, we give two unreachable upper bounds. The first bound is derived as
follows: The relationship 𝜉𝑠,𝑟 = 1− 𝜉𝑟,𝑠 leads to the linearity of 𝑓 , implying that 𝜖𝑅𝜖𝑆

𝑝
≤ 𝑓 (𝜉𝑠,𝑟 , 𝜉𝑟,𝑠 ) ≤

max(𝜖𝑅, 𝜖𝑆 ). Without loss of generality, let us assume that 𝜖𝑅 > 𝜖𝑆 . This allows us to conclude that
𝑓 (𝜉𝑠,𝑟 , 𝜉𝑟,𝑠 )/𝑓 (𝜇𝑆,𝑅, 𝜇𝑅,𝑆 ) ≤ 𝑝/𝜖𝑆 . Considering that 𝜇 represents the average of 𝜉 , we can deduce that
the leading-order term (2) is strictly less than 1−𝑝

𝑝

𝑝2

𝜖2
𝑆

𝛾2,2, which forms the first bound.
The second bound is derived by applying the Chebyshev’s sum inequality to (2), and we have:

(2) ≤ 1 − 𝑝
𝑝

∑︁
𝑟,𝑠

𝐼 [𝑟 .𝑘 = 𝑠 .𝑘]𝑅[𝑘]𝑆[𝑘]
(
𝑓 (𝜉𝑠,𝑟 , 𝜉𝑟,𝑠 )
𝑓 (𝜇𝑆,𝑅, 𝜇𝑅,𝑆 )

)2
. (3)

By the positivity of 𝑓 (𝑥1, 𝑥2), we have:∑︁
𝑟,𝑠

𝐼 [𝑟 .𝑘 = 𝑠.𝑘]
(
𝑓 (𝜉𝑠,𝑟 , 𝜉𝑟,𝑠 )
𝑓 (𝜇𝑆,𝑅, 𝜇𝑅,𝑆 )

)2
≤

( ∑
𝑟,𝑠 𝐼 [𝑟 .𝑘 = 𝑠.𝑘]𝑓 (𝜉𝑠,𝑟 , 𝜉𝑟,𝑠 )∑
𝑟,𝑠 𝐼 [𝑟 .𝑘 = 𝑠.𝑘]𝑓 (𝜇𝑆,𝑅, 𝜇𝑅,𝑆 )

)2
= 𝛾2

1,1 . (4)

Refilling (4) back and considering the former bound together, we have (2)< 1−𝑝
𝑝 min(𝛾2

1,1,
𝑝2

𝜖2
𝑆

𝛾2,2).
Meanwhile, experiments on real-world datasets indicate that the variance is relatively close to the
random situation.

5.4 Aggregation
In this subsection, we expand FreeSam’s approach to include aggregations. The simplified query
holds a form of SELECT AGG(𝑅.𝑣) FROM 𝑅 join 𝑆 on 𝑘 , and we could replace AGG with the aggregations
we concern, including COUNT, SUM, and AVG. To avoid confusion, we use 𝐽AGG and 𝐽AGG to denote the
true value of the aggregation AGG and its corresponding estimator, respectively.

COUNT. The approximation for COUNT reflects the cardinality of the original join output, which
aligns with our objective of estimating output size. Consequently, 𝐽COUNT is equivalent to 𝐽 in
(1), and it can be directly applied to estimate COUNT. Additionally, the variance analysis for this
estimation aligns with those described in Theorem 2.

SUM. The aggregation for SUM can be theoretically regarded as a weighted version of COUNT, and
thus its estimator and variance share a similar form to that of COUNT. We give the form of them in
Appendix A.6, and a sketch is as follows:

Let ΨSUM be the direct SUM of FreeSam’s output data, and Ξ(𝑠)
𝑟,𝑠 = ∑

𝑟,𝑠 𝐼 [𝑟 .𝑘 = 𝑠 .𝑘] · 𝜉𝑟,𝑠 · 𝑟 .𝑣 , Ξ(𝑠)
𝑠,𝑟 =∑

𝑟,𝑠 𝐼 [𝑟 .𝑘 = 𝑠 .𝑘] ·𝜉𝑠,𝑟 ·𝑟 .𝑣 . Thus, from the property 𝐽SUM = Ξ(𝑠)
𝑟,𝑠 +Ξ(𝑠)

𝑠,𝑟 , by defining Ξ(𝑠)
𝑠,𝑟 /𝐽SUM and Ξ(𝑠)

𝑟,𝑠/𝐽SUM
as 𝜇(𝑠)

𝑅,𝑆
and 𝜇(𝑠)

𝑆,𝑅
respectively, the unbiased estimator can be given by 𝐽SUM = ΨSUM/(𝜇(𝑠)

𝑆,𝑅
(𝜖𝑆 − 𝜖𝑅𝜖𝑆

𝑝 )𝜆𝑅 +

𝜇
(𝑠)
𝑅,𝑆

(𝜖𝑅 − 𝜖𝑅𝜖𝑆
𝑝 )𝜆𝑆 + 𝜖𝑅𝜖𝑆

𝑝 ), and similarly, the leading-order term of its variance is 1−𝑝
𝑝

∑
𝑟,𝑠,𝑟 ′,𝑠′ 𝐼 [𝑟 .𝑘 =

𝑠 .𝑘 = 𝑟 ′ .𝑘 = 𝑠′ .𝑘]𝑟 .𝑣 𝑓 (𝜉𝑠,𝑟 , 𝜉𝑟,𝑠 ) · 𝑟 ′ .𝑣 𝑓 (𝜉𝑠′,𝑟 ′ , 𝜉𝑟 ′,𝑠′ )/𝑓 (𝜇(𝑠)
𝑆,𝑅

, 𝜇
(𝑠)
𝑅,𝑆

)2 .
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AVG. Unlike COUNT and SUM, the complexity of handling reciprocals makes designing a completely
unbiased estimator for AVG challenging, since the expectation of a random variable’s reciprocal
and the reciprocal of its expectation are not the same. Fortunately, the estimator formulated as
𝐽AVG = 𝐽SUM/𝐽COUNT generally performs well and is almost unbiased [24]. Additionally, as SUM and
COUNT are highly related, the variance 𝑉𝑎𝑟 [𝐽AVG] = 𝑉𝑎𝑟 [𝐽SUM/𝐽COUNT] may still maintain high quality.

5.5 Inferring the Latency Cost
Different configurations of sampling rate and probe utilization not only affect the quantity and
quality of outputs but also introduce varying levels of latency. In order to return timely results, it is
necessary for an approximate system to know the expected latency for a specific parameter setting.
In Section 5.5.1, we introduce an analytical cost model for sampling-aware IaWJ. In Section 5.5.2,
we discuss how to build a tiny but useful neural network based on the analytical method.

5.5.1 Sampling-Aware Cost Model. By employing the symmetric algorithmic procedure, we can
construct the cost model consisting of two parts, denoted as𝐶𝑅 |><|𝑆 = 𝐶𝑅 ><|𝑆 +𝐶𝑅 |><𝑆 . Upon resolving
𝐶𝑅 ><|𝑆 , we can subsequently deduce 𝐶𝑅 |><𝑆 . For uniformity, the base unit of all kinds of cost we
mention is time.

Based on the hash join structure, we denote the cost of completing a single probing and building
by 𝑐𝑝𝑟𝑜𝑏𝑒 and 𝑐𝑏𝑢𝑖𝑙𝑑 in an average sense. Thus, the problem is converted to determine the number
of probing and building operations. The building phase is conducted by every tuple stored and
controlled by 𝜎𝑆 . Thereby, the number is 𝜖𝑆 |𝑆 |. Making 𝑃𝑅 = 𝜖𝑅 + (𝑝 − 𝜖𝑅)𝜆𝑅 to represent the
effective probing ratio, 𝑃𝑅 |𝑅 | will be the number of tuples to probe. Moreover, the probing phase
also requires checking the tuples in the retrieving bucket, and for the given bucket number 𝐵, the
average number of tuples in each bucket is 𝜖𝑆 |𝑆 |/𝐵. Finally, the cost of 𝐶𝑅 ><|𝑆 is given by:

𝐶𝑅 ><|𝑆 = 𝑃𝑅 |𝑅 |·
𝜖𝑆 |𝑆 |
𝐵
· 𝑐𝑝𝑟𝑜𝑏𝑒 + |𝜖𝑆𝑆 |·𝑐𝑏𝑢𝑖𝑙𝑑 . (5)

However, (5) solely represents the ideal scenariowhere themachine processes tuples continuously,
disregarding any idling periods. For example, intermittent arrivals of IoT data can cause frequent
switching between active and idle states. Therefore, it becomes necessary to detect the flux of
tuples, i.e. the input amount, within the progressive procedure. To accomplish this, we employ
the finite difference to measure the flux within small subintervals of the window. Specifically, the
window𝑤 is logically divided into 𝑛 consecutive pieces, ∆1,∆2, . . . ,∆𝑛 . When entering ∆𝑖 , there
are two parts of workload: the remaining workload inherited from ∆𝑖−1 denoted by 𝑍𝑖−1, and the
newly arrived workload denoted by 𝐶∆𝑖

. Assuming a constant processing velocity 𝑣𝑝𝑟𝑜𝑐𝑒𝑠𝑠 , the
workload resolved within ∆𝑖 is given by ∆𝑖 · 𝑣𝑝𝑟𝑜𝑐𝑒𝑠𝑠 . Consequently, the remaining workload after
∆𝑖 is calculated as 𝑍𝑖 = max(0, 𝑍𝑖−1 +𝐶∆𝑖

− ∆𝑖 · 𝑣𝑝𝑟𝑜𝑐𝑒𝑠𝑠 ). By converting the concept of 𝑍𝑖 and 𝐶∆𝑖

into time cost, (6) provides a recursive approach for determining 𝑍𝑖 .

𝑍𝑖 = max(0, 𝑍𝑖−1 +𝐶∆𝑖
− ∆𝑖 ). (6)

Accordingly, 𝑍𝑛 represents the cost that remains after the arrival of all tuples, i.e., the latency.
In the expression, 𝐶∆𝑖

is inferable with (5) by applying the number of tuples arrived within ∆𝑖 to
it. By setting checkpoints along the stream, and recording the number of tuples cumulatively at
these points, we can simulate the finite difference method. Theoretically, the smaller ∆𝑖 is, the more
accurate the cost inference is. However, for faster inference against the load of recording, ∆𝑖 is
better to be relatively large. For example, we use |∆|=100ms for practice.

5.5.2 Inference via Neural Network. Informed by (5), we aim to model both the multiplicative and
additive items. Furthermore, the structure outlined in (6) resembles a piecewise function, suggesting
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a segmented approach to modeling. To this end, we employ a two-layer Multi-Layer Perceptron
(MLP) to encapsulate the items described in (5) and integrate the flux information at checkpoints as
features, in line with (6). Specifically, we prepare the feature with both the flux amount values and
their logarithms. This dual representation enhances the model’s ability to capture the multiplicative
items and address sublinear variations. The MLP’s hidden layer adopts the ReLU activation function
to effectively mirror the piecewise characteristic. With a lean architecture comprising 200 neurons,
the model guarantees a swift response. Finally, to measure the accuracy of the inference, we use
MSE as the loss function.

5.6 Parameter Setting
We provide a detailed procedure for appropriately setting parameters based on user requests.
Users often prioritize certain aspects among accuracy, maximum data volume, and latency budget.
Therefore, the basic idea of our solution is to first satisfy the accuracy requirement and then balance
the achievable data volume within the constraints of latency budget. When a user is concerned
with only specific metrics, we can simplify the parameter setting process by omitting steps related
to less relevant metrics.

Users typically can directly specify the latency budget, the sampling rate (𝜖) or desired accuracy,
and whether they prefer raw data output, which generally implies a preference for obtaining as
much data as possible over mere aggregation estimates. If 𝜖 is specified, the accuracy is directly
bounded. In cases where 𝜖 is not specified, we replace 𝑝 with 𝜖 in Theorem 2 to construct an
inequality and derive the appropriate 𝜖 from it. Given that 𝑝 ≤ 𝜖 , the accuracy inequality remains
valid after establishing 𝑝 . With 𝜖 set, we then adjust 𝜆 to utilize any remaining latency budget to
produce additional tuples. To determine the maximum 𝜆, we consult (5) and (6) in Section 5.5. In
situations where flux information is unavailable, we can rely on user-provided prior knowledge or
assume a worst-case scenario in which all tuples arrive towards the end of the window. Moreover,
to further reduce variance, we configure 𝑝 with a presample at the beginning of the window.

Configuration of 𝑝 . The fluctuation of the variance caused by the arrival order has been demon-
strated in Theorem 2. However, in the absence of arrival information, setting the value of 𝑝 still
requires a random assumption. To simplify the problem, we can leverage Lemma 2 and consider
the impact of 𝑝 on the coefficient magnitudes. The derivative of 𝑝 can then be calculated as:√︁
𝜖𝑅𝜖𝑆 (𝛾2,2 − 𝛾1,2 − 𝛾2,1 + 𝛾1,1)/𝛾1,1. It is important to note that 𝑝 should not exceed 1 and should be

greater than or equal to the larger one of 𝜖𝑅 and 𝜖𝑆 . A more detailed analysis is provided in Appendix
A.6. Another challenge arises from unknowing constants such as 𝛾2,2 at the start of the stream.
To address this, we employ a count-based presampling technique to capture the characteristics of
the initial stream and use it as an indicator for the subsequent data. We propose two variants of
FreeSam based on two heuristic options for interpreting the presample:

1) FreeSamO. A natural heuristic is to assume that a segment of the partial stream shares the same
properties as the entire stream. With the “representativeness heuristic”, FreeSamO operates under
the assumption that the ratio between the norms of keys remains relatively stable. It computes the
𝛾 values of the presample and directly applies them to the derivative to deduce the extreme point
and set 𝑝 . Specifically, the system captures the first 𝑘 tuples that arrive and calculates the 𝛾 values
using these tuples to immediately set 𝑝 for later processing. Additionally, these 𝑘 presample tuples
are resampled with the newly set parameters, which is almost costless since 𝑘 ≪ |𝑅 |+|𝑆 |.
2) FreeSamB. An alternative approach is to treat the first 𝑘 presample as a Bernoulli sampling

and use it to estimate the values of 𝛾 . This approach is statistically and theoretically sound under
the random arrival assumption. However, the random arrival assumption seldom holds true in
real-world situations, which is why we still categorize it as a heuristic. As discussed in Section 2.1,
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a Bernoulli sampling rate of 𝑞 tends to result in an output join size of 𝑞2 compared to the original
data, whose effect is equivalent to 𝛾1,1. By applying the same technique, we can estimate the values
of 𝛾𝑖, 𝑗 using 𝑞𝑖+𝑗 as the denominator. Consequently, 𝛾2,2 will have a larger scaling factor than 𝛾1,1,
𝛾1,2, and 𝛾2,1. This leads to a higher derivative value in the calculation of 𝑝 compared to the strategy
used in FreeSamO. As a result, with a higher 𝑝 , FreeSamB behaves more similarly to Bernoulli
sampling, resulting in lower variance. On the other hand, FreeSamO is closer to universe sampling.
We evaluate both variants of FreeSam in our experiments.

Special cases of 𝜆 configuration. There is a particularly useful technique to avoid the fluctuation
brought about by the arrival order. Making (𝜖𝑆 − 𝜖𝑅𝜖𝑆

𝑝 )𝜆𝑅 = (𝜖𝑅 − 𝜖𝑅𝜖𝑆
𝑝 )𝜆𝑆 , then 𝑓 (𝜉𝑟,𝑠 , 𝜉𝑠,𝑟 ) stays

unchanged. The simplest setting to achieve this is quite common, i.e., making 𝜖𝑅 = 𝜖𝑆 and 𝜆𝑅 = 𝜆𝑆 .

6 Implementation
We achieve practical usability and parallelism by performing FreeSam on multicores. Using the
Join-Matrix (JM) partition strategy, we assign sub-matrices to cores to strengthen spatial locality.
Moreover, to optimize SIMD utilization, we introduce an AVX-accelerated pseudo-random number
generator (PRNG). For more detailed information on the implementation, due to space limitations,
please refer to Appendices A.8 and A.9.

7 Evaluation
7.1 Experimental Setup
Evaluated methods. To verify the advantages of FreeSam, we compare FreeSam with three
baselines. Universe [122] sampler is practically applied in previous works like Quickr [68] for
larger output size. Bernoulli [132] sampling promises the uniformity of sampling and is still the
prime sampling method in Flink [39] and Spark [110]. UBS [59] is a hybrid method aimed at optimal
variance, similar to the minimum probe utilization case mentioned in Section 5.2. Furthermore, it is
allowed to use the overall statistics, including 𝛾2,2, 𝛾2,1, etc. For a fair comparison, we conduct a
fast parallel implementation of all methods above based on the study [140]. In evaluating FreeSam,
we assess its two variants: FreeSamO and FreeSamB. These variants are derived from different
approaches of perceiving the presampled data used for parameter setting, as discussed in Section 5.6.
By default, 𝜖𝑅 = 𝜖𝑆 and 𝜆𝑅 = 𝜆𝑆 , and we compare two algorithms using the average ratio of their
results at the same sampling rate and probe utilization. Without causing ambiguity, we use the
term variance to abbreviate the variance of the estimator’s relative error.
Platform. We conduct experiments on an Intel Core i9-10900X platform. The CPU has ten

physical cores supporting 20 threads, along with the SSE4.2, AVX2, and AVX-512 instruction set
extension. The platform is equipped with four 32GB DDR4 memories at 2.4GHz.

Datasets. We use three real-world datasets for evaluation. The first dataset is Rovio [70], which
joins advertisement streams and purchase streams to determine advertisement revenue. The second
dataset is DEBS [50], which focuses on joining posts and comments from users on social networks
to analyze user behavior. Notably, the timestamps of DEBS data range from 2010 to 2012, prompting
us to consider it a static dataset. Consequently, we process it while preserving the logical order of
arrival. The third dataset is EECR [54], which joins sensor data from the same location to analyze
weather conditions. All datasets have been widely used in previous studies [28, 120, 140]. Table 3
summarizes the characteristics of the three real-world datasets, including key skewness (𝑠𝑘𝑒𝑤𝑘𝑒𝑦),
timestamp skewness (𝑠𝑘𝑒𝑤𝑡𝑠 ), arrival rate of the input (𝑣), and average number of duplicates per
key (𝑑𝑢𝑝𝑒).
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Table 3. Statistics of the three real-world workloads (𝑤=1000ms).
Arrival rate (tuples/ms) Key duplication Key skewness (Zipf) Number of tuples

Rovio 𝑣𝑅 = 𝑣𝑆 ≈ 2873 𝑑𝑢𝑝𝑒(𝑅) = 𝑑𝑢𝑝𝑒(𝑆) ≈ 17960 𝑠𝑘𝑒𝑤𝑘𝑒𝑦(𝑅) = 𝑠𝑘𝑒𝑤𝑘𝑒𝑦(𝑆) ≈ 0.042 |𝑅 |(|𝑆 |) ≈ 𝑣𝑅(𝑆) · |𝑤 |
DEBS 𝑣𝑅 = 𝑣𝑆 = ∞ 𝑑𝑢𝑝𝑒(𝑅) ≈ 172, 𝑑𝑢𝑝𝑒(𝑆) ≈ 111 𝑠𝑘𝑒𝑤𝑘𝑒𝑦(𝑅) ≈ 0.003, 𝑠𝑘𝑒𝑤𝑘𝑒𝑦(𝑆) ≈ 0.011 |𝑅 |= |𝑆 |= 106

EECR 𝑣𝑅 ≈ 1013, 𝑣𝑆 = ∞ 𝑑𝑢𝑝𝑒(𝑅) ≈ 39.6, 𝑑𝑢𝑝𝑒(𝑆) ≈ 41.1 𝑠𝑘𝑒𝑤𝑘𝑒𝑦(𝑅) ≈ 0.073, 𝑠𝑘𝑒𝑤𝑘𝑒𝑦(𝑆) ≈ 0.072 |𝑅 |(|𝑆 |) ≈ 106

7.2 Quantity andQuality
As discussed in Section 4.3, we use the output size and variance of the estimator of original join
output size to measure the quantity and quality of the result. For the baselines, the values of the
two metrics are bounded together, and thus the algorithms are likely to perform well on only one
of the metrics. FreeSam shows that it is possible to decouple the values of the metrics and achieve
a two-dimensional value range, which can make the algorithm adaptive to applications concerning
any or both of the metrics. Figure 4 shows how the output size and the variance change when
varying the effective sampling rate from 0.001 to 0.1 and varying the probe utilization from 0.01
to 0.9. The x-axis represents the variance of the percentage estimation error (relative error). The
y-axis represents the generated output size. A result is better if it is closer to the top right of the
diagram. Sampling rate and probe utilization are omitted in Figure 4 since the major concern is
how the methods perform on the two metrics.

Result.We can obtain the following results. First, beyond the baseline methods, the two FreeSam
methods are capable of spanning into a two-dimensional space on the two metrics. For example,
when fixing a 10−3 magnitude variance, FreeSam’s output size is able to vary from 9.49 × 105 to
1.35 × 107, while the baselines can produce only one value. It is 𝜆 (probe utilization) that empowers
this spanning ability. Second, the outputs of FreeSam are roughly in the range outlined by the other
methods and are closer to the top right of the diagram. More precisely, Universe forms a boundary
closer to the output size axis, while UniSample and UBS form a boundary closer to the variance
axis. When linearly linking the points, 58.15% of the outputs of FreeSam lie in the range. Third,
FreeSamO is more likely to have a larger output size while FreeSamB achieves a smaller variance,
which is conspicuous in Figure 4 (a) and Figure 4 (b) where they divide FreeSam to two parts. For
example, comparing FreeSamO with FreeSamB on Rovio, FreeSamO generates 3.51× the output size
while making the variance 4134.43× larger.

Analysis. To better show the impact of introducing probe utilization (𝜆), we compare the average
output size generated at the same level of variance in terms of powers of 10. In terms of datasets,
FreeSam achieves 8.01×, 1620.47×, and 1057.02× output size compared to the baselines on Rovio,
DEBS, and EECR, respectively. In terms of baselines, FreeSam achieves 1.02×, 2121.20×, and 554.51×
output size compared with Universe, Bernoulli, and UBS, respectively. It is worth noting that
the universe sampler in Universe is the theoretical optimal method without probe utilization for
the output size metric [59], and FreeSam gains a similar output size with it while shrinking the
geometric average of variance better from 7.54 × 10−2 to 5.80 × 10−3. The geometric average of
variances of Bernoulli and UBS is 1.22×10−3 and 1.18×10−3, respectively, which is at the same level
with FreeSam, corresponding to Section 5.3.2. As to comparison between the two FreeSam methods,
Figure 4 shows that the value of FreeSamO is closer to Universe and the value of FreeSamB is closer
to Bernoulli and UBS. The cause is the different settings of 𝑝 , which is the only difference between
them. For example, on Rovio in Figure 4 (a), the average 𝑝 of FreeSamO and FreeSamB is 0.126 and
1.0, respectively. A smaller 𝑝 is prone to produce a larger output size and higher variance. Despite
the parameter setting scheme, the essential cause of a different 𝑝 lies in the data distribution. The
𝑑𝑢𝑝𝑒(𝑅) of Rovio, DEBS, and EECR is 17960, 171, and 39.6, which are in a descending relationship.
The smaller 𝑑𝑢𝑝𝑒(𝑅) can make 𝛾1,1, 𝛾1,2, 𝛾2,1, and 𝛾2,2 smaller, implying that the 𝑝 for the lowest
variance is smaller according to the formula in Section 5.6. Then, it indicates that the variance of
the universe sampler becomes closer to UBS (the hybrid method), thus making the two boundaries
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closer on the x-axis in the three subgraphs of Figure 4 from left to right. Meanwhile, the inevitable
estimation biases of 𝑝 caused by the unpredictable streaming data also account for the presence
of the minor fraction of results inferior to the baselines. Another noticeable phenomenon is that
FreeSamO and FreeSamB perform similar in Figure 4 (c). More precisely, when we compare FreeSamO

with FreeSamB on EECR, FreeSamO generates just 1.11× the output size while making the variance
only 2.49× larger. The reason for this is that the velocity of the two streams (𝑣𝑅 ≈ 1013, 𝑣𝑆 = ∞) is
extremely uncoordinated, which causes the presampling to underestimate 𝛾s, leading to a similar
parameter setting for both algorithms. In general, FreeSamO is better when a larger output size is
more desirable, while FreeSamB is closer to achieving a lower variance.
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Fig. 4. Value ranges of two metrics (output size and the variance of the estimator of original join output size)
on real-world datasets.

7.3 Latency
The three baselines use separate sampler and joiner while FreeSam fuses the operators. The
efficiency of coupling sampler and joiner in stream data processing needs to be verified. Thus, in
this part, we first show the effect of coupling sampler and joiner in FreeSam by comparing the
95th latency with the baselines. We compare the latency of the algorithms on the three datasets in
Figure 5. The x-axis varies the sampling rate from 0.01 to 0.8 without changing the probe utilization
(𝜆 = 0). The y-axis is the 95th latency in a logarithmic scale. FreeSamO and FreeSamB have similar
latency results, so we denote their average as FreeSam to save space.
Compared to the baselines, FreeSam reduces the latency by an average of 61.71% and 84.58%

on Rovio and EECR, respectively. The significant retrenchment of processing time proves that
coupling the sampler and joiner does improve the efficiency of sampling-based IaWJ. However,
FreeSam is not the optimal algorithm on the DEBS dataset. The reason is that the window size of
DEBS is 0 (|𝑤 |= 0ms). It implies that DEBS is a stale dataset and is actually more like a database
scenario. We still use DEBS as a test case, since it can be called a stream with infinite tuple arriving
velocity (𝑣 = ∞) in an extended sense. Therefore, in the case of stale data, more intense processing
brought by separating the operators makes Bernoulli and UBS the better choice. Notably, at low
sampling rates of 0.01 and 0.04 on Rovio and EECR, the latency of FreeSam is less than 1 ms. The
reason is that the coupled implementation allows the entire procedure to be done within a window,
which is especially useful in applications with small sampling rates.

7.4 Impact of 𝜆 and 𝜖
In Section 7.4.1, we use DEBS, whose window size is 0, to analyze the net latency cost of using the
probe utilization and its co-effect with sampling rate when setting the same parameters between 𝑅
and 𝑆 . In Section 7.4.2, we use EECR to evaluate the impact on result quantity and quality when
varying the sampling rates between 𝑅 and 𝑆 , which further explains the co-effect between 𝜆 and 𝜖 ,
and verifies the correctness of the theorems in Section 5.3.
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Fig. 5. Latency comparison of the algorithms with varying sampling rates on the three real-world datasets.

7.4.1 Costs and Benefits of 𝜆. Asmentioned in Section 7.3, DEBS, as stale data, expels the fluctuation
of stream data and exposes the worst latency cost of using 𝜆. In Figure 6, we show how the latency
changes when varying the probe utilization (𝜆). We also vary the sampling rate (𝜖) to determine the
co-effect between 𝜖 and 𝜆. The corresponding output size is shown in Figure 7. We use FreeSam𝑂

since it is proved to be apt to generate a larger output size, which makes the time consumption
more conspicuous.
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Fig. 6. Latency of FreeSam𝑂 with varying probe uti-
lization on DEBS.
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Fig. 7. Output size of FreeSam𝑂 with varying probe
utilization on DEBS.

We use ∆𝐿𝑎𝑡 to refer to the ratio of increased latency compared with the 𝜆 = 0 condition. Similarly,
∆ |Ψ | refers to the ratio of increased output size compared with the 𝜆 = 0 condition. The overall
average of ∆𝐿𝑎𝑡 and ∆ |Ψ | is 7.81% and 33.45%, respectively, fromwhich we can observe the advantage
of introducing probe utilization in achieving a large output size with little latency cost. Moreover,
we can analyze the effect per unit of 𝜆 by the average of ∆𝐿𝑎𝑡/𝜆 and ∆ |Ψ |/𝜆. Thereby, the result
avg(∆𝐿𝑎𝑡/𝜆) = 0.57 and avg(∆ |Ψ |/𝜆) = 2.19 means that for every 1% we add to 𝜆, it brings 2.19%
increase in output size while costing only 0.57% more latency. We can also say that FreeSam
trades off 3.83% of the output size for every 1% increase in latency. To understand the co-effect
of the sampling rate (𝜖) and probe utilization (𝜆), we compare the effect of 𝜆 with varying 𝜖 . In
Figure 7, when varying 𝜖 in 0.01, 0.04, 0.1, and 0.4, the corresponding average ∆ |Ψ | brought by 𝜆 is
44.03%, 38.48%, 27.46%, and 23.82%, which is in a descending relationship. We can use Theorem 1 in
Section 5.3.1 along with the parameter setting scheme in Section 5.6 to elucidate this phenomenon.
By Theorem 1, when we set 𝜖𝑅 = 𝜖𝑆 = 𝜖 and 𝜆𝑅 = 𝜆𝑆 = 𝜆, the expectation of ∆ |Ψ | is 𝐸[∆ |Ψ |] = (𝑝

𝜖
−1)𝜆.

Regardless of 𝑝 , the coefficient of 𝜆, which is (𝑝
𝜖
− 1), descends with an ascending 𝜖 . When we take

𝑝 into consideration, by the parameter setting scheme, 𝑝 either scales larger with 𝜖 or touches the
ceiling of 1. Thus, (𝑝

𝜖
− 1)𝜆 monotonically decreases as 𝜖 increases. Besides, the overall decreasing

speed is also determined by the sampling stratums, since the point that 𝑝 touches the ceiling may
be different in the stratums. Therefore, the varying 𝑝 in stratums and the offset 1 in (𝑝

𝜖
− 1)𝜆 explain

why the output size is not totally decreasing proportionally to 𝜖 . When we exactly calculate the
ratio of ∆ |Ψ | to (𝑝

𝜖
− 1)𝜆, it achieves 0.82 at 𝜖 = 0.4, which is close to 1 and guarantees an accurate

estimator. Meanwhile, it is notable that the ratio has achieved this level of precision even with
only one random set of data. This experiment provides a strong corroboration of the foregoing
theoretical derivation.
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7.4.2 Impact of Varying Sampling Rate 𝜖 . By varying the sampling rate, we change the sample size
that resides in memory, such as the size 𝜖𝑅 |𝑅 |. In this experiment, we make 𝜖𝑅 |𝑅 | and 𝜖𝑆 |𝑆 | different
by fixing 𝜖𝑅 to 0.01 and varying 𝜖𝑆 from 0.001 to 0.5 as well as varying 𝜆𝑅 and 𝜆𝑆 from 0.01 to 0.5.
We conduct this experiment on EECR, and show the quantity and quality change in Figure 8. Since
|𝑅 | and |𝑆 | are similar in EECR, we can approximately replace the size relationship, 𝜖𝑅 |𝑅 |: 𝜖𝑆 |𝑆 |,
with 𝜖𝑅 : 𝜖𝑆 . The varying sampling rate of S (𝜖𝑆 ) forms the x-axis, and the metrics, output size and
variance, form the y-axis in Figure 8 (a) and Figure 8 (b), respectively. Each line has a different
setting of 𝜆𝑅 and 𝜆𝑆 , and we show their legends above Figure 8. The lines with the same 𝜆𝑅 · 𝜆𝑆
share the same color. The lines with the same 𝜆𝑅 share the same marker.
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(a) Output size with varying effective sample size and 𝜆.
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Fig. 8. Quality changing with varying effective sample size and 𝜆 on EECR.

When 𝜖𝑆 is fixed to 0.5, it is noticeable that the lines stratify by different 𝜆𝑅 (different markers) in
both Figure 8 (a) and Figure 8 (b). More precisely, when we vary 𝜆𝑅 in 0.01, 0.1, and 0.5, the average
output size varies in 1.39×106, 4.49×106, and 1.85×107, while the geometric average variance varies
in 2.36×10−2, 6.20×10−5, and 3.51×10−6, respectively. It is conspicuous that the probe utilization
helps in both of the metrics in join between large and small streams. The aforementioned theorems
can explain this phenomenon. When 𝜆 is 10× greater than 𝜖𝑅 (𝜆𝑅 ≫ 𝜖𝑅), 𝜖𝑆 · 𝜆𝑅 begins to occupy
the vast majority of the join results according to Theorem 1 and thus significantly increases the
output size. Meanwhile, the large 𝜖𝑆 · 𝜆𝑅 plays a dominant role in 𝑓 (𝜇𝑟,𝑠 , 𝜇𝑠,𝑟 ) and 𝑓 (𝜉𝑟,𝑠 , 𝜉𝑠,𝑟 ), and
makes their ratio more stable inside the variance. According to Theorem 2, a more stable ratio
reduces the fluctuation caused by the arrival order and randomness of sampling, thus making the
variance better. When there is not a high 𝜆𝑅 , the dominant factor falls back to 𝜖𝑅 = 0.01 and brings
a smaller output size with a larger variance, which is explainable as well by inversely applying the
theorems.

7.5 Latency Inference
In Figure 9, we show the inference made by the analytical method in Section 5.5.1, and the tiny
neural network in Section 5.5.2 along with the real latency value on the Rovio dataset. The three
subfigures compare the inference accuracy with varying probe utilization. We present the result
only on Rovio because it is a heavier workload and shows a more visible demonstration of the
discrepancy in accuracy between the inference methods.

We use the average of relative error to judge the accuracy. The average accuracy of the analytical
cost model on the three datasets is 88.05%, and the tiny neural network improves it to 96.75%.
On Rovio, the accuracy of the analytical method and the neural network is 78.51% and 92.95%,
respectively. Accordingly, we claim the analytical cost model usable and verifiable, and that the
neural network is an even better solution. For a more detailed analysis, we find that the accuracy
varies on smaller and larger sampling rates. For sampling rates smaller than 0.1, the accuracy of the
two methods on the selected points in Figure 9 is only 27.56% and 39.81%. The reason is that when
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Fig. 9. Comparision of the inference with the real latency on Rovio.

the latency is small, even a small fluctuation can bring a large relative error, and their absolute
errors are only 136.35 ms and 69.68 ms, which is totally acceptable for the window |𝑤 |≥1000 ms.
Moreover, the latency of setting 𝜆 = 0.05 and 𝜖 = 0.01 is 45.86 ms larger than that of 𝜆 = 0.05 and
𝜖 = 0.04, which shows that the latency is prone to fluctuate at a relatively low processing burden.

7.6 Aggregation
We conduct aggregations, including COUNT, SUM, and AVG, on the cloud count field of EECR dataset
to showcase the ability of FreeSam to scale on aggregation queries.
Figure 10 shows the direct comparison between one-shot approximations and ground-truth

values, along with the variance of relative error. For all the queries analyzed, it is evident that the
unbiased estimations closely approximate the actual values, and the variance consistently decreases
as the sampling rate increases. Specifically, at a sampling rate of 0.01, the average accuracy for
COUNT, SUM, and AVG reaches 96.09%, 92.18%, and 93.85%, respectively.
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Fig. 10. Comparison of estimated and true aggregation values, along with the variance of relative error, on
the EECR dataset.

For GROUP BY clauses, Figures 11 and 12 respectively show the percentage of groups identified
from the ground truth and the associated query error. The term “group percent” refers to the
proportion of groups correctly retrieved in comparison to the ground-truth result [11]. The error
for an individual group is calculated as 1-𝑒 (𝑥−𝑥 )/𝑥 , while the overall query error is determined by the
mean of these individual errors [47]. The adjustment of 𝜆 significantly influences the retrieval rate
of groups. For instance, at a sampling rate of 0.01, adjusting 𝜆 to 0.5 results in obtaining 33.68% more
groups compared to setting 𝜆 to 0.05. Nonetheless, without specific optimizations for GROUP BY,
even at a sampling rate of 0.8, FreeSam still averages over a 10% error rate for each group.
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Fig. 11. Group percentage across different sam-
pling rates and probe utilization on the EECR
dataset.
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Fig. 12. Query error analysis across varying sam-
pling rates and probe utilization on the EECR
dataset.

7.7 Impact of Stream Data Features
We examine the effects of specific stream data characteristics on FreeSam, focusing on data drifting
and windowing. These aspects are detailed in Sections 7.7.1 and 7.7.2, respectively. The volume of
synthetic data generated for this study is on the order of 106.

7.7.1 Impact of Data Drifting. To examine the impact of varying data drifts, we incorporate the
patterns of sudden, gradual, and incremental drift [27, 61]. We simulate data drifting by combining
two synthetic datasets according to the three drift patterns. In Figure 13, we compare the accuracy
of latency inference with and without data drifting, and the feature of the synthetic data chronically
changes from 𝑑𝑢𝑝𝑒(𝑅)=𝑑𝑢𝑝𝑒(𝑆)=104 and 𝑠𝑘𝑒𝑤𝑘𝑒𝑦(𝑅)=𝑠𝑘𝑒𝑤𝑘𝑒𝑦(𝑆)=0.05 into 𝑑𝑢𝑝𝑒(𝑅)=𝑑𝑢𝑝𝑒(𝑆)=103

and 𝑠𝑘𝑒𝑤𝑘𝑒𝑦(𝑅)=𝑠𝑘𝑒𝑤𝑘𝑒𝑦(𝑆)=0.5. Meanwhile, the stability of the inference models is enhanced by
incorporating output flux information within the window. In Table 4, we show the impact of data
drifting on parameter setting, output size, and variance when fixing 𝜖=0.01, 𝜆 = 0.1 and chronically
changing the data feature from 𝑑𝑢𝑝𝑒(𝑅)=𝑑𝑢𝑝𝑒(𝑆)=10 into 𝑑𝑢𝑝𝑒(𝑅)=𝑑𝑢𝑝𝑒(𝑆)=103.

From analyzing the comparison between real latency and the predictions made by the analytical
and neural network models across different drift scenarios in Figure 13, it is observed that data
drifting does impact the performance of the inference models, but the accuracy remains within an
acceptable range. The lowest accuracy observed across all drift patterns is 69.20% for the analytical
model and 87.69% for the neural network model. Specifically, the accuracy of the analytical model
decreases from 81.07% to 78.36%, 77.94%, and 69.20% for sudden, gradual, and incremental drifts,
respectively. Meanwhile, the neural network model demonstrates a stable performance, with its
accuracy declining from 95.43% to 89.27%, 87.69%, and 94.45% for sudden, gradual, and incremental
drifts, respectively.
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Fig. 13. Comparison of inference accuracy against real latency across different types of data drifting.

Table 4 shows the average settings of 𝑝 under different drift scenarios, along with their corre-
sponding output sizes and variances. The configurations under sudden and gradual drifts remain
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similar to the non-drifting condition, as they exert minor impact on the early part of the stream, thus
barely influencing the presample used for parameter setting. On the other hand, incremental drift
exerts a more pronounced influence due to its more discrete and random distribution. The findings
indicate that data drifting indeed affects the algorithm’s behavior; however, the assumption-free
approach enhances the stability and keeps the variance at a sampling rate of 0.01 within a level
of 10−4. Even more encouragingly, it achieves a lower level of 10−5 when the setting procedure is
conscious of the incremental drift.

Table 4. Average 𝑝 values, output size, and variance across varying patterns of data drifting.

Data Non-drifting Sudden Gradual Incremental

Average of 𝑝 0.722 0.729 0.727 1.0
Output size 1.11 × 104 5.52 × 105 5.66 × 105 5.53 × 105

Variance 6.60 × 10−6 5.39 × 10−4 2.93 × 10−4 3.05 × 10−5

7.7.2 Impact of Windowing. In the absence of a fixed window size in real-world datasets, we explore
the impact of varying windowing conditions across the streams. Specifically, by setting 𝜖 and 𝜆 both
to 0.1 and the window length of |𝑤𝑅 | at 1000ms, while varying the ratio of window lengths between
the two streams (|𝑤𝑅 |:|𝑤𝑆 |) to 1:1, 2:1, 4:1, 8:1, and∞:1 (with |𝑤𝑆 |=0), we generate synthetic data
characterized by 𝑑𝑢𝑝𝑒(𝑅)=𝑑𝑢𝑝𝑒(𝑆)=103 and 𝑠𝑘𝑒𝑤𝑘𝑒𝑦(𝑅)=0.05, 𝑠𝑘𝑒𝑤𝑘𝑒𝑦(𝑆)=0.5. In Figure 14, we show
the CPU cycles per tuple incurred during the build and probe procedures, as measured using Intel®
PCM. Table 5 outlines the parameter settings, output sizes, and variance for the respective window
ratios.
In Figure 14, there is a noticeable variation in the cycles consumed in the build and probe

procedures as the window ratio changes. One notable trend is the continuous decrease in the
cycles required for build per tuple, dropping from 64.61 to 41.75. This reduction is attributed to the
shorter window, which facilitates more intensive processing and mitigates inefficiencies related to
transitioning from idle states caused by sporadic tuple arrivals. Another observation is the two
abrupt increases in the cycles for probe per tuple: from 22.04 to 41.93 and from 38.39 to 46.73,
corresponding to window ratio changes from 1:1 to 2:1 and from 8:1 to∞:1, respectively. However,
the cycles needed at window ratios of 2:1, 4:1, and 8:1 remain relatively stable, recorded at 41.93,
38.32, and 38.39, respectively. This phenomenon is the result of a combination of three factors: First,
as indicated in Table 5 and Section 5.5, an increase in the 𝑝 value escalates the proportion of tuples
that require probing. Second, at the two major transitions, tuples with a higher 𝑠𝑘𝑒𝑤𝑘𝑒𝑦 from stream
𝑆 tend to arrive much earlier, leading to a more populated hash table and, consequently, an increased
average number of buckets that need to be probed. Third, the intensive processing associated with
short windows helps counterbalance partial increases brought on by the aforementioned two
factors.
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Fig. 14. Cypcles per input tuple when changing the ratio between the length of two windows.

Table 5 also sheds light on the impact of windowing on variance, output size, and, more essentially,
parameter settings. A noteworthy observation is the emergence of a unimodal pattern in the 𝑝
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values as the window ratio changes, with the peak of this pattern occurring near a window ratio
of 8:1. This pattern arises because the 𝛾 values, which are used to set 𝑝 , adjust in response to an
increased influx of tuples from stream 𝑆 relative to 𝑅, as the widening |𝑤𝑅 |:|𝑤𝑆 | ratio accelerates
the stream speed of 𝑆 . The underlying principle here is the mean inequality chain, which elucidates
the unimodal nature of the product of two variables when their sum is constant. In this context, the
two variables are the counts of tuples from streams 𝑅 and 𝑆 in the presample, while the instances of
the multiplicative factors are represented by the 𝛾 values. Consequently, both the output size and
variance exhibit similar unimodal patterns, illustrating how the dynamics of windowing intricately
influence these aspects of the system’s performance.
Table 5. Average 𝑝 values, output size, and variance across varying ratios between the window length of 𝑅
and 𝑆 .

|𝑤𝑅 |: |𝑤𝑆 | 1 : 1 2 : 1 4 : 1 8 : 1 ∞ : 1

Average of 𝑝 0.682 0.841 0.967 1.0 0.931
Output size 2.32 × 107 2.04 × 107 1.92 × 107 1.89 × 107 1.95 × 107

Variance 2.25 × 10−4 3.23 × 10−5 2.32 × 10−5 1.30 × 10−5 1.57 × 10−5

8 Conclusion
This paper presents FreeSam, a solution for adaptive sampling for intra-window join. To the best of
our knowledge, it is the first method to permeate sampling schemes in the stream join procedure,
thus enabling the expansion of the resultant value range on two metrics. Our basic idea is to utilize
the symmetry of hash join to add extra sampling schemes to control the probe behavior. In detail,
we first give a definition of the sampling-aware intra-window join problem, which reveals the
possibility of introducing symmetry in the sampling design. Then, we bring out FreeSam as an
instance of the problem, which applies a hybrid sampling approach and is able to control the
probe behavior with a new concept, probe utilization. Based on the experiments, we conclude that
FreeSam is an efficacious solution for adaptive sampling-aware intra-window join, and can handle
a variety of application scenarios. Our work fills the gap in sampling design between traditional
database and stream processing, and sheds light on future work for better combinations of sampling
and join.

Supplemental Materials: The datasets, code, and an appendix with more discussions of this work
are available at https://github.com/intellistream/AllianceDB/tree/FreeSam.
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